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Abstract. How do we quantify division of labor? We
review several fields (sociology, landscape ecology, statistics, information theory, and biogeography) that have
been cognizant of these questions and been somewhat
successful at answering them. We review fourteen indices
for quantifying division of labor, sensu lato, which can be
categorized into four families: Shannons index/entropy,
Simpsons index, geometric mean, and standard/absolute
deviation (including coefficients of variation). We argue
that those indices using matrix inputs will simultaneously
quantify the interplay between all individuals and all
tasks and will thus best capture the essence of division of
labor.
Keywords: Sociality, mutual information, task specialization, information theory.

Introduction
Division of labor is one of the primary attributes of
sociality; it is thought to be ubiquitous across social
groups, and of paramount importance in explaining the
success of eusocial organisms (Wilson, 1971). Quantifying
division of labor is, therefore, of central importance to
sociobiology (Beshers and Fewell, 1996). Quantifying
division of labor is also important to fields outside of
sociobiology, fields that include economics, sociology,
landscape ecology, statistics, information theory, biogeoACHTUNGREgraphy, and conservation. These fields have all indepenACHTUNGREdently constructed indices that quantify their notion of
division of labor. Here we review and compare the
statistics that have arisen from these fields. Our interdisciplinary approach allows us to re-conceptualize not

only individuals and tasks as other constructs, but it also
allows us to re-conceptualize the data linking individuals
to tasks to be something other than how much time an
individual spends performing each given task. We explicate each fields equivalences to division of labor in
greater detail below. By using the statistical tools that
have already been developed by these fields, scientists
may be able to consistently analyze the complex data that
arises when studying division of labor in a way that will
allow it to be used by researchers across fields.
Sociologists and economists take the identical view as
sociobiologists as to what constitutes division of labor –
where different individuals perform different tasks, and
some individuals specialize on certain tasks (Michener,
1974). Most other fields, however, require us to reconceptualize how we think about division of labor.
Information theorists, for example, use division of labor
in a manner identical to that of sociobiologists, but they
refer to it as mutual information. Mutual information
describes how different bits of a message are transmitted
in both directions between two parties (Shannon, 1948).
As we describe in the next paragraph, from the division of
labor perspective, each sent bit is equivalent to an
individual and each received bit is equivalent to a task.
Shannon had originally constructed mutual entropy to
simultaneously measure the amount of information
transmitted in both directions between two parties,
hence the moniker mutual information. This is exactly
what we want in measuring division of labor. Here, the
first party consists of the ensemble of individuals in the
population and the second party consists of the ensemble
of tasks. Assume that division of labor is high. Then, for
each individual, we should be able to predict which task it
is performing. High division of labor means that information about the individuals gets transmitted to infor-
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Table 1. Division of labor formulae
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mation about tasks. Likewise, with high division of labor,
because each task is performed by so few individuals,
information about which task is being performed gets
transmitted into information about which individual is
performing that task. This is bidirectional information
transmission, exactly as envisioned by Shannon, with
nothing but new interpretations of the variables. Conversely, now assume that division of labor is low. Then
knowing which task was selected from the ensemble
transmits no information about which individual is most
likely performed it or knowing which individual you
encounter transmits no information about which task it is
performing (N.B. note the conjunction “or” and not “and”
here). Information transmission is between individuals
and tasks, and vice versa.
Biogeography also quantifies division of labor regularly in their measure of biodiversity. Here, biodiversity
takes into account the numbers of each species in each
patch (i.e., individuals and tasks, respectively; Gorelick,
2006). From a conservation biology perspective, common
species that are endemic to single locales (high division of
labor) can be as much of a conservation concern as rare
cosmopolitan species (low division of labor). Rare
cosmopolitan species are analogous to rare task special-

ists, such as undertakers in an ant colony (Julian and
Cahan, 1999). For landscape ecologists, the equivalent to
division of labor is redundancy or b diversity, which
quantifies the interdependence between two measures of
geographic patches (Ernoult et al., 2003). For example, is
land-use type driven by edaphic conditions (high division
of labor) or is land-use type independent of edaphic
conditions (low division of labor)?
We review four classes of division of labor statistics
(Table 1). First, we discuss three statistics (1a–c) that are
based on Shannons index, then six statistics (2a–f) that are
based on Simpsons index, one statistic (3) based on the
geometric mean, and finally four interrelated statistics that
are based on the standard/absolute deviation (including
coefficients of variation) (indices 4a–d).
These fourteen indices can be categorized in an
alternative, orthogonal direction: whether their inputs
are vectors or matrices. Because we envision division of
labor as reciprocal communication between individuals
and tasks (alternatively, think of employers and employees), the indices with matrix inputs will prove to be the
most valuable.
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Notation

Index 1b is mutual entropy I ¼

We use pi to represent the probability of event i and pij to
represent the joint probability of events i and j. Being
probabilities, each individual
of pi and pij is greater
P valueP
than or equal to zero and
pi ¼
pij ¼ 1. We use i to
i

i;j

index the n individuals and j to index the m tasks.
Probabilities can be interpreted as proportions or frequency of occurrence of events, e.g. pij is the proportion of
total time that individual i expends on task j. Inputs to
each of the division of labor statistics herein will be either
the vector ½pi  ¼ ðp1 ; p2 ; . . . ; pi ; . . . pn Þ or the matrix
0
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C
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.
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P
P
and divide it by pi or pij , depending on whether the
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input is a vector or matrix, respectively.

Indices based on Shannons index
Communication between two parties was the basis for
Shannons pioneering work on mutual entropy (1948).
Biologists refer to marginal entropy (not mutual entropy)
as the Shannon index and use this as a measure of
division of labor.
n
P
Index 1a is marginal entropy H ¼  pi  lnðpi Þ,
i¼1

which was first introduced by Boltzmann (1872) in
statistical physics for quantifying the energy in an
ensemble of n particles. Marginal entropy is probably
the most commonly used measure of division of labor.
Marginal entropy has the advantage of being a concave
function (Lande, 1996). Concavity means that if we take
two separate populations and aggregate them, the
division of labor for the aggregated metapopulation
should be at least as great as the average division of
labor of the two individual populations.
Kolmes (1985) used marginal entropy to quantify
how specialized individuals are on tasks. Kolmes
computed marginal entropy for each individual and
then computed the arithmetic mean for all individuals
in a population. While this approach quantifies division
of labor, a problem unfortunately arises when all
individuals are specialists (pi ¼ 1 for all individuals i),
but all individuals specialize on the same task. In this
case, the mean marginal entropy would be maximal, but
heuristically the division of labor statistic should yield a
minimum value because all individuals are performing
the same task.

m;n
P

pij  ln

i¼1
j¼1



3

pij
pi pj


. Shan-

non (1948) showed great insight into quantifying division
of labor when he introduced mutual entropy (I). Mutual
entropy shows how we can take a matrix of data that
describes the proportion of time each individual spends
performing each task and distill it into a single number.
For Shannons communications theory applications, this
number represented the amount of information transferred between two parties through a noisy communications channel. Both parties act simultaneously as senders
and receivers, much as people do during a typical phone
conversation listening and responding to each other.
From the sociobiology perspective, the role of one party
to the phone conversation is filled by all the individuals in
the population and the role of the other party is filled by
all the tasks that they perform. Mutual entropy can
therefore be used to quantify division of labor when the
matrix is made up of individuals and tasks (Gorelick et al.,
2004). Mutual entropy also quantifies the interdependency between rows and columns of a matrix. As such,
mutual entropy has been used to quantify niche overlap
(Colwell and Futuyma, 1971), stratification of data
(Martnez et al., 1992), or ecological b-diversity (in the
sense of how do soil conditions and land-use types
influence on another; Ernoult et al., 2003).
I
Index 1c normalizes mutual entropy D ¼ H . Mutual
entropy, I, can be as big as the logarithm of the number or
rows or columns of the data matrix. Therefore, as the
number of individuals increases, so will mutual entropy.
This is not good, insofar as we often want to measure
whether division of labor changes as population size
changes. Therefore, Gorelick et al. (2004) proposed to
divide mutual entropy by the marginal entropy of the
individuals, which here is equivalent to the logarithm of
population size. Normalizing the division of labor statistic
forces it to take on a finite maximum value of one. This
statistic was first introduced in sociobiology to measure
division of labor (Gorelick et al., 2004) and is now also
being used in ecology to quantify b-diversity (Gorelick,
2006). Refer to Gorelick et al. (2004) and Gorelick (2006)
for a set of comprehensive examples which reveal how
normalized mutual entropy works to quantify division of
labor.

Indices based on Simpsons index
Index 2a is the classical Simpsons index, S ¼

n
P

p2i , i.e. the

i¼1

sum of squares of a vector of probabilities, were 1 ¼

n
P

pi

i¼1

because these are probabilities. Simpsons index was first
introduced to measure ecological diversity, where the
data was in the form of abundances of a set of species, but
could also be used as a proxy for division of labor.
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Indices 2b, 2c, and 2d are minor variants on Simpsons
index. Each has been used as a measure of ecological
diversity and each is directly proportional to diversity.
Note that diversity is inversely proportional to division of
labor, which was the likely justification for each of these
modifications. Therefore Indices 2b, 2c, and 2d will be
inversely proportional to division of labor.
n
P
Index 2b is one minus Simpsons index, 1  p2i . It
i¼1

equals the probability that two random individuals
perform the same task (Lande, 1996), and is often called
the Gini index after its inventor (Gini, 1912), who
preceded Simpson by several decades. Similar to marginal
entropy (index 1a), the Gini index is also concave.
2c is the reciprocal of Simpsons index,
 n Index

P 2 1
pi
. It is not concave, but arises naturally as a
i¼1
n 1
P k 1k
special case of the Hill family,
pi
, when k=2. A
i¼1

transformation of mutual entropy also is part of the Hill
family (Keylock, 2005).
Index
2d is the logarithm of Simpsons index,
n 
P 2
pi . Buckland et al. (2005) prefer this index for
 ln
i¼1

quantifying division of labor because it has an estimator
whose expected value does not depend on sample size.
We also prefer this index because it has the same
functional form as marginal entropy (Index 1a) and
hence can be readily generalized to matrix inputs.
The problem with Simpsons index and the above
generalizations of it (indices 2a-d) is identical to what we
discussed with indices 1a and 1b. They can only be
computed for a single task or single individual at a time
and not for the entire ensemble of tasks being done by all
individuals.
Index 2e has matrices (rather than vectors) as input
and is the matrix analogue of Simpsons index
0
1
n;m
BP
p p C
j ¼  ln@ piji  pijj A (Gorelick, 2006). As with the nori¼1
j¼1

malized mutual entropy index (1c), this quantity can be
normalized by dividing by the ordinary Simpsons index.
As with Shannons index, we divide by whichever is
larger: Simpsons index of pi or pj (explained in greater
detail in the section on comparing indices, below).

Index based on the geometric mean
Index 3 uses the geometric mean of the elements of the
probability vector to quantify division of labor
a single
 for

n
1P
individual (Buckland et al., 2005): G ¼ exp n lnðpi Þ .
i¼1

This index also suffers from the problem that it does not
simultaneously use all the information in the data
matrix of individuals and tasks. It was first introduced

to quantify ecological diversity of abundances of
several species.

Interrelated indices
The remaining four interrelated division of labor statistics
come from the sociology literature and were originally
published several decades ago. They are approximately
coefficients of variation, but where the numerator can be
either standard deviation or average deviation and where
the denominator can be either the mean or its square.
Neither these papers (Gibbs and Martin, 1962; Labovitz
and Gibbs, 1964; Gibbs and Poston, 1965; Martin and
Gray, 1971) nor their immediate descendants (e.g. Rushing and Davies, 1970; Smith and Snow, 1976) are regularly
cited by sociobiologists. This suggests that these indices
are mostly unknown by sociobiologists. All four of these
indices use the probability vector from each individual or
task as the input and then compute some normalized form
of the standard deviation or average deviation for each
probability vector; none use matrix inputs. When these
indices where originally created, it was not obvious they
were related to one another. By rewriting the formulae in
terms of standard deviation and average deviation (SD
and AD), the relationships are much more readily
evident.
Index 4a divides the variance of the probabilities by
the square of the mean probability (Gibbs and Martin,
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Even though D is bounded, it may be greater than one.
Therefore, to normalize it, divide by the maximum
possible value of D, which will depend on the length of
probability vector, i.e. the number of tasks an individual
performs (Labovitz and Gibbs, 1964; Rushing and
1
Davies, 1970). It turns out that Dmax ¼ 1  n, where n is
the length of the vector. Therefore, the normalized
D
version of D is given by index 4b, which is D0 ¼ 11 .
ð nÞ
Index 4c uses the coefficient of variation (CV) to
quantify division of labor. The coefficient of variation
normalizes standard deviation by dividing it by the mean.
Although 1  CV would provide a reasonable estimate of
division of labor, we have never seen this used. Instead,
division of labor has been quantified using CV by further
normalizing to account for length of the probability
CV
CV
vector as 1  CVmax ¼ 1  pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ (Martin and Gray, 1971;
nðn1Þ

Smith and Snow, 1976).
The normalized coefficient of variation, index 4c, has
also been used to measure linearity of dominance
hierarchies in animal behavior, which can be considered
a division of labor (Landau, 1951). A strict dominance
hierarchy is a highly structured society whose division of
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labor value (a.k.a. Landau linearity index) attains a
maximum possible value of one. The input data is usually
envisioned as a vector with one component for each
individual, where the value of each component represents
the number of other individuals that the focal individual is
dominant over, but could equally well represent the
amount of time or effort each individual spends performing a particular task. More recently, the input data has
been envisioned as a square matrix, whose values
represent how much individual i dominates individual j
(de Vries, 1995). Values in the matrix can be binary or any
non-negative number. However, sums of each row are
computed to form a vector which is used to compute a
normalized coefficient of variation, i.e. this is fundamentally a vector input.
Finally, index 4d uses absolute deviations. Instead of
starting with standard deviations (i.e. Euclidean metric),
some authors (Gibbs and Poston, 1965; Smith and Snow,
1976) have started with absolute deviation (i.e. taxi cab
metric). They then computed the coefficient of variation
as the absolute deviation (AD) divided by the mean to
yield the following 
counterpart
 to the previous division of
ADð pÞ=

p
 ¼ 1  ADð1pÞ .
labor metric: 1  
2ð1nÞ
p
ADð pÞ=
 max
p
Other indices
These fourteen indices are not the only division of labor
statistics in the literature. Other, more specialized indices
have been developed, but these only appear to be useful
for rather specific data structures. We present three
examples. Gautrais et al. (2002) define division of labor
for a binary state variable by how often that state changes.
Duncan and Duncan (1955) define division of labor
amongst women and men, but using a statistic that cannot
be extended to more than two sexes, i.e. cannot be
extended to division of labor if there are more than two
individuals in the population. Division of labor of
reproduction can be quantified as reproductive skew,
which is an amalgamation of the standard deviation of
reproductive output of breeding individuals weighted by
the number of breeders and non-breeders (Reeve and
Keller, 1996). But it is not obvious that this index can be
generalized to situations with more than two tasks (e.g.
more than just breeding and non-breeding). However, we
have provided (Gorelick et al., 2004) an index of
reproductive skew using mutual entropy to computing
division of labor by letting rows of the matrix be the
females in a population, columns in the matrix be males in
the population, and the matrix elements be how often a
given female and male mate (or a binary variable of
whether they mate). Curiously, considering reproductive
skew in this way – as a matrix of interactions between
females and males – is commensurate with the notion of
sex as a form of communication or social interaction
(Roughgarden, 2004). By contrast, the fourteen indices
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described above all have as inputs the frequency (probability) with which individual performs each task, without
necessarily a temporal sequence of task performance and
without a restriction to a pair of individuals or tasks.

Comparing indices
The most fundamental difference between the various
division of labor indices is whether they operate on one
vector – i.e. one individual or one task – at a time or
instead simultaneously operate on an entire matrix of
data of all individuals and tasks. In economics, the matrix
approach is known as a Leontief input-output model
(1951). Only the mutual information and the matrix
analogue of Simpsons index simultaneously use a matrix
approach (Indices 1b – c and 2e – f, respectively). These
matrix statistics have rarely been used by biologists,
although biogeochemists have utilized this matrix approach. Bormann and Likens (1967), for example, cited
Leontiefs pioneering work, while Ernoult et al. (2003)
used mutual information to measure the interdependencies between inputs and outputs.
Using the vector statistics (1a, 2a–d, 3, 4a–d), one can
create a single statistic for all individuals or all tasks. For
example, one could compute division of labor for each
individual and then compute the geometric mean across
all individuals (e.g. Kolmes, 1985). The same can be done
for all tasks (e.g., Seeley, 1982; Beshers and Traniello,
1992). But, as Rushing (1968) and others have noted,
division of labor has two components: structural/societal
differentiation and individual differentiation. These two
components correspond with division of labor and
division of task. Unfortunately, computing these components separately does not account for interactions between individuals and tasks. For example, Kolmes (1985)
approach of computing the arithmetic mean of Shannons
index across all individuals cannot distinguish between
the following two populations in which each individual
specializes on a single task. In the first population, half of
the individuals specialize on one task and half specialize
on a second task. In the second population, one individual
specializes on one task and all the other individuals
specialize on the second task. The arithmetic mean of
Shannons index yields maximum division of labor for
both populations, yet we need to somehow account for
greater division of labor in the first population in which
individuals do a better job of divvying up the two tasks.
The only way to quantify interdependencies between
individuals (and between tasks) with vector statistics is to
report multiple scalar indices. For example compute the
ordered pair consisting of the arithmetic mean of
Shannons index of the individuals and the arithmetic
mean of Shannons index of the tasks. The biggest
problem with this approach is that one cannot determine
whether one ordered pairs is larger than another ordered
pair. That is, you cannot determine whether one population has larger division of labor than another. We should
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not, however, dismiss the vector statistics. They are useful
so long as we are willing to abandon the criterion of a
single (well-ordered) scalar statistic.
There seem to be few good reasons to favor one vector
statistic over another. They are all conceptually simple,
even if the formulae for some look less intuitive than
others. Some are normalized for length of the input vector
(i.e. for numbers of individuals or tasks), while others are
not. However, they all could be readily normalized. We
therefore pass no judgment over which vector statistic is
most appropriate in general nor for a specific application.
To allow a more universal understanding of what is
meant by division of labor, we ask that the readers reconceptualize division of labor to mean reciprocal and
cooperative communication, where communication is
any signal or action that one individual transmits to
others. This interpretation of division of labor should not
be considered too unusual insofar as division of labor was
defined that way by E.O. Wilson in 1971 and more
recently by Costa and Fitzgerald in 1996. This conceptual
leap is homologous with that made by Claude Shannon
(1948) in communications theory almost six decades ago.
With highly divided labor, not only do individuals divvy
up tasks and thereby each individual becomes a specialist,
but also the tasks are divided up amongst the individuals.
If we think of tasks as employers, then high division of
labor means that individuals each only work for one
employer and employers specialize in who they hire.
The homologous conceptualization of division and
labor with reciprocal communication can be made even
more precise with elementary mathematics. Division of
labor and reciprocal communication sensu Shannon both
have matrices as inputs. For division of labor, the rows are
individuals and the columns are tasks. For communication
signals, the rows and columns are bits of information
received and sent between a pair of individuals. High
division of labor means that given an individual (row of
the matrix), we can predict what task it will perform
(column). High division of labor also means that given a
task (column), we can predict which individual performed
it (row). This is the crux of mutual entropy and its
analogue for Simpsons index.
We thus strongly encourage researchers to use the
matrix statistics in lieu of vector statistics insofar as only
the former can capture interdependencies between all
individuals and all tasks in a single scalar statistic. But,
which one of these matrix statistics should a researcher
 
m;n
P
p
use: 1b, 1c, 2e or 2f – I ¼ pij  ln pi pij j , I=H ,
0

1

i¼1
j¼1

BP p p C
j ¼  ln@ piji  pijj A, or j=S ? We previously discussed
n;m
i¼1
j¼1

the first two of these statistics at length in Gorelick et al.
(2004) and the latter two in Gorelick (2006). I is not
normalized for length of the probability vector, i.e. not
normalized for the number of individuals or tasks. There
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are three forms of I=H because H can be the marginal
entropy of the individuals or tasks or the geometric mean
of the two. Researchers should divide by marginal
entropy of individuals, if there are more individuals
than tasks… and vice versa if there are more tasks than
individuals. Dividing by the geometric mean of the
marginal entropy of individuals and tasks only makes
sense if individuals and tasks are re-conceptualized to
represent roughly equivalent entities. For example, if one
were interested in sex ratios, females could be considered
the individuals and males could be considered the tasks.
Researchers could divide by the geometric mean of their
marginal entropies if there was roughly a constant ratio of
females to males across populations that were being
compared.
The only place where we have seen a matrix version of
Simpsons index used is in computing biodiversity, where
Rao (1982) introduced quadratic Simpsons index
n;m
P
s¼
1ij  pi  pj , where 1ij is the taxonomic distance
i¼1
j¼1

between species i and j, while pi and pj are probabilities of
finding species i and j. This simply is not useful for division
for labor because there is no such entity as distance
between individuals and tasks.
To our knowledge, we are the first to discuss Simpsons
index in the context of division of labor and to compute
0
1
n;m
BP
p p C
j ¼  ln@ piji  pijj A or j=S (indices 2e and 2f, respectivei¼1
j¼1

ly). There are identical issues with normalizing Simpsons
and Shannons indices. There are three different possible
j
normalizations – j=Sðpi Þ, j S pj , and pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ – and the
Sðpi ÞSðpj Þ
biology dictates the choice (Gorelick et al., 2004) in the
exact same way we prescribed for normalized mutual
entropy (two paragraphs above). For traditional division
of labor applications, if there are more individuals than
tasks, then use j=Sðpi Þ or I=H ðpi Þ. If there are more tasks
than individuals, then use j S pj or I H pj . If the ratio of
j
individuals to task remains constant, then use pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Sðpi ÞSðpj Þ
I
or pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ. With these choices, division of labor will be
H ðpi ÞH ðpj Þ
normalized to account for increases in numbers of
individuals. The one thing that the matrix version of
Simpsons index has against it is that it lacks the firm
theoretical underpinnings that exist with the matrix
version of Shannons index. Otherwise, we envision the
two normalized matrix indices as being equally useful
measures of division of labor.
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Discussion
The problem with most existing division of labor statistics
is that they examine only one individual or one task at a
time and therefore cannot simultaneously account for the
entire ensemble of interactions between individuals and
tasks. This problem arises from building statistics whose
inputs are probability vectors, with one vector per
individual or task. This is not to say that these vectorbased statistics may not be useful at capturing essential
information about a given individual or task. These
vector-based statistics are also based on well-accepted
theory, relying on Shannons index, Simpsons index,
geometric mean, standard deviation, average deviation,
and coefficient of variation – all of which have great
statistical pedigrees.
The indices presented here are all distribution-free,
hence there are no assumptions on the data other than the
inputs being probabilities and, in some instances, that we
not divide by zero. The assumption of no division by zero
is not very restrictive: the only way this can happen is if
each of the probabilities is identical to one another (i.e.
equal amount of time spent on each task).
In most instances, a scalar output value makes for the
best division of labor statistic. Sometimes it is useful
examining a pair of division of labor statistics, such as
simultaneously computing mutual entropy divided by
marginal entropy of the rows and mutual entropy of the
columns. In fact, we have used such ordered pairs of
normalized mutual entropy to quantify whether breeding
systems are monogamous, polygynous, or polyandrous
(Gorelick et al., 2004). However, it is impossible to say
whether one ordered pair or another has greater division
of labor. Only scalar values can be rank ordered. The huge
advantage of choosing a scalar measure of division of
labor is that it allows for comparison across disparate data
sets.
We acknowledge that no single number will ever
capture all the facets of what is heuristically termed
division of labor, such as task specialization, time spent
performing each task, the probability of a task being
performed, and task repertoire size. For example, when
using normalized mutual entropy, the following six
!
5 5
matrices all have zero division of labor:
,
5 5
0
1
5 5 5 5
!
!
! B
C
500 500
10 0
500 0
B5 5 5 5C
C
,
,
,B
B 5 5 5 5 C,
500 500
10 0
500 0
@
A
5
0

0

5

5

5

1

5
B
B5
and B
B5
@

0

0

0

0

0

0

C
0C
C. The first two matrices each contains
0C
A

5

0

0

0
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a pair of generalists, who are either relatively lazy or very
hard working. The third and fourth matrices each contain
a pair of specialists, but these are degenerate cases insofar
as there is only one task being performed by the entire
population. The last two matrices show similar phenomena, but with populations of four individuals. Thus, one
may want to incorporate the total number of individuals
working, the total number of tasks performed, or the total
amount of work performed into a division of labor
statistic. Most of the statistics presented herein eschew
these details, but in so doing, allow for comparisons of
division of labor as the number of individuals, tasks, or
total production varies. The fourteen statistics presented
herein all have scalar outputs and capture a more subtle
effect than mere increase in number of individuals,
number of tasks or total production.
Having argued for a scalar output for a suitably
general division of labor statistic, what do we want for the
input to such a statistic? We argue that the key to a good
division of labor statistic is to take the entire matrix of
individuals and tasks as the input. With matrix inputs,
there is less loss of information regarding interaction of
rows and columns (individuals and tasks). Can the vectorbased statistics we have enumerated be generalized so as
to capture interactions between all individuals and tasks?
No. There are higher-dimensional varieties of standard
and average deviation. The standard or average deviation
of a vector is a square symmetric matrix. This does not
help in that – for a division of labor statistic – we are
looking for a function whose range has smaller dimension
than its domain, and not vice versa. There is therefore no
apparent way to generalize division of labor indices based
on standard or average deviation to simultaneously
account for the ensemble of interactions that occurs
amongst all individuals and tasks. Likewise, we know of
no way to generalize the geometric mean to have a matrix
input and scalar output. Thus, none of these approaches
seem suitable for a division of labor statistic.
By contrast, Shannons and Simpsons indices can be
generalized to be matrix-based functions. Shannon himself did this in creating mutual entropy. The only shortfalling of simply using mutual entropy as a measure of
division of labor is that it is not normalized. Therefore, we
recommend dividing mutual entropy by marginal entropy
of either individuals or tasks (Colwell and Futuyma, 1987;
Gorelick et al., 2004). We have also generalized Simpsons index to have a matrix input and scalar output.
Again, the short-falling is that our generalized Simpsons
index is not normalized, and so we divide the summand by
whichever is larger, the number of individuals or number
of tasks. These normalized matrix-input generalizations
of Shannons and Simpsons index (Indices 1c and 2f)
should be the indices of choice when one wants to
simultaneously examine division of labor amongst all
individuals in a population.
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